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Abstract

A new algorithm for simulating homogeneous decaying turbulence in an incompressible ¯uid subjected to uniform system ro-

tation has been proposed. The integral factor technique has been extended to the Coriolis term. Since the Coriolis term is integrated

analytically in the algorithm, the time increment is not restricted by the system rotation. It is veri®ed that the new algorithm is

e�ective at strong rotation. With this new algorithm, DNS of the homogeneous decaying turbulence is carried out to investigate the

e�ects of the system rotation on the turbulence. The DNS results show that the system rotation inhibits the decay of the kinetic

energy. The rotation induces an anisotropic distribution of the kinetic energy between the pole and the equator in wave space and

elongates the vortical structure along the rotation axis in physical space. However, this rotation e�ect is only apparent at moderate

rotation. Ó 2001 Elsevier Science Inc. All rights reserved.
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1. Introduction

Direct numerical simulation (DNS) of the Navier±Stokes
equation has been proved to be a powerful tool for turbulence
analysis. DNS of fundamental turbulent ¯ow, such as homo-
geneous decaying turbulence, the homogeneous shear turbu-
lence and the wall-bounded planar turbulence, shows that it is
a useful tool for turbulence structure analysis and turbulence
modeling (Moin and Mahesh, 1998). With the development of
computers, a number of fundamental turbulent ¯ow ®elds can
be calculated by DNS within the low-Reynolds number region.
DNS has also been used to simulate rotating turbulence, an
important type of fundamental turbulence ®eld. Up to now,
rotating decaying turbulence (e.g. Mansour et al. 1992; Te-
issedre and Dang, 1987), rotating turbulent Poiseuille ¯ow
(Tafti and Vanka, 1991; Yang and Kim, 1991; Kristo�ersen
and Anderson, 1993; Lamballais et al., 1996) and rotating
turbulent plane Couette ¯ow (Bech et al., 1995) have been
calculated by DNS. The Navier±Stokes (N±S) equation of a
rotating system has the Coriolis term, which can be expressed
as the curl of the rotation vector X and the velocity vector u.
Conventionally, the Coriolis term is usually integrated by an
explicit time marching method in the same manner as a non-
linear term. However, the explicit method only allows a very
small time increment for solving N±S equations with the Co-
riolis term. Hence, DNS of a rotating turbulence needs more
CPU time than that without the Coriolis term. Furthermore,
using an explicit method to solve the N±S equations with the

Coriolis term will introduce a large di�usion error into the
solution, and the reliability of the solution becomes poor.
Hence, DNS of rotating turbulence has been limited to weak
rotation so far.

In this paper, we ®rst present the basic equations for ro-
tating turbulence and discuss the numerical stability of a
number of time marching methods. Then, a DNS algorithm
for rotating decaying turbulence is proposed to integrate the
Coriolis term analytically over time. With this DNS algorithm,
there is no di�usion error and no limit to the time increment
due to the Coriolis term. The pseudo-spectral method is
adopted as the space di�erential scheme in this paper. By
comparing the conventional algorithm for the Coriolis term
with the present one, the validity of this DNS algorithm is
veri®ed. Finally, with this DNS algorithm, the in¯uences of the
system rotation on the turbulence statistics, the distribution of
the energy spectrum and the turbulence structure are investi-
gated with DNS of an initially isotropic rotating decaying
turbulence.

2. Formulation and numerical stability

2.1. Basic equations

We consider an incompressible ¯uid ¯ow subjected to uni-
form solid-body rotation at a rate X around the x3-axis,
without the mean velocity. The N±S and the continuity
equations in this case are
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The third term on the right-hand side (RHS) of Eq. (1) is the
Coriolis term. The centrifugal acceleration X� �X� r� is, as
usual, included in the pressure. Using the Fourier Galerkin
method (Canuto et al., 1987) to Eqs. (1) and (2), we obtain

d

dt

�
� mk2

�
ûi � ÿIkip̂ ÿ Ikjdujui ÿ 2Xei3jûj; �3�

Ikiûi � 0: �4�
A caret ^ denotes the Fourier transform. The pressure term in
Eq. (3) can be removed by using the solenoidal condition Eq.
(4). This operation reforms Eq. (3) to,

d

dt

�
� mk2

�
ûi � Pim�k��ÿIkj dujum ÿ 2Xem3jûj�: �5�

Here Pim�k� � dim ÿ kikm=k2 is the solenoidal projection oper-
ator. The ®rst and the second terms on the right-hand side
correspond to the nonlinear and the Coriolis terms, respec-
tively. The following discussion and simulation are based on
this equation and its alteration.

2.2. Diagonalization

To analyze the numerical stability of the basic equation and
then to propose a suitable DNS algorithm for rotating tur-
bulence, we ®rst diagonalize the basic equation (5). Using Eq.
(4) to reformulate the Coriolis term, we can re-write Eq. (5) as
the following equation:

d

dt

��
� mk2

�
E � 2Xk3

k2
A

�
û � M̂ ; �6�

where E is the unit matrix, and vectors û and M̂ are de®ned as

û � �û1; û2; û3�T; M̂ � �M̂1; M̂2; M̂3�T; M̂i � ÿIkjPim�k�dujum :

In addition, the matrix A is de®ned as

A �
0 ÿk3 �k2

�k3 0 ÿk1

ÿk2 �k1 0

24 35: �7�

Solving the characteristic equation of the matrix A, one ob-
tains the eigenvalues k1 � �Ik, k2 � ÿIk, and k3 � 0. The
mode matrices corresponding to the eigenvalues of the matrix
A take the following forms:

Q� 1

�2k2�k2
2�k2

3��1=2

�
�k2

2�k2
3� �k2

2�k2
3� �2k2

1�k2
2�k2

3��1=2

�ÿk1k2ÿIkk3� �ÿk1k2�Ikk3� �2k2
2�k2

2�k2
3��1=2

�ÿk1k3�Ikk2� �ÿk1k3ÿIkk2� �2k2
3�k2

2�k2
3��1=2

2664
3775; �8:1�

Qÿ1� 1

�2k2�k2
2�k2

3��1=2

�
�k2

2�k2
3� �ÿk1k2�Ikk3� �ÿk1k3ÿIkk2�

�k2
2�k2

3� �ÿk1k2ÿIkk3� �ÿk1k3�Ikk2�
�2k2

1�k2
2�k2

3��1=2 �2k2
2 �k2

2�k2
3��1=2 �2k2

3 �k2
2�k2

3��1=2

264
375:
�8:2�

The orthogonal vectors corresponding to the ®rst and the
second rows of Qÿ1, respectively, are just the basis vectors
(multiply by a factor 1=21=2) of the so-called Ôcomplex helical
waves decompositionÕ (Cambon and Jacquin, 1989; Wale�e,
1992; Lesieur, 1997). Using Q and Qÿ1, Eq. (6) can be brought
in the following diagonal form:

d

dt

��
� mk2

�
E � 2Xk3

k2
D

�
v̂ � N̂ ; �9�

Notation

A matrix, Eq. (7)
D Qÿ1AQ
De destruction term in Eq. (16)
E unit matrix in Eqs. (6) and (9)
E energy spectrum
F ¯atness factor of velocity gradient
I complex unit, �ÿ1�1=2

K kinetic energy
k wave number vector
kp wave number at which the energy spectrum

takes a peak value
Lij;k integral lengthscale, Eq. (19)
L33;3 longitudinal integral lengthscale
L11;3 � L22;3 transverse integral lengthscale
L� �L11;3 � L22;3�=L33;3

M̂ RHS of Eq. (6)
N̂ RHS of Eq. (9)
nk unit vector along the direction axis xk

p; p̂ pressure
Pim projection operator, dim ÿ kikm=k2

Pe production term in Eq. (16)
q0 initial kinetic energy at t� 0
Q matrix, Eq. (8.1)
Qÿ1 matrix, Eq. (8.2)

r vector of position
Ret turbulence Reynolds number, �K2=�me��
Rek Taylor microscale Reynolds number, (K1=2k=m�
RoL macro Rossby number, (u0=�2XL33;3��
S skewness factor of velocity gradient
t time
t0 initial time for DNS
Dt time increment
u0 r.m.s. velocity
u; û velocity vector
v̂ Qÿ1û
x independent variable in Cartesian coordinate

Greeks
X angular velocity of system rotation
m kinetic viscosity
e dissipation rate of turbulence energy
h angle between X and k
k eigenvalue or Taylor microscale
kR real part of the eigenvalue k
kI imaginary part of the eigenvalue k

Subscripts
0 value at t0

1, 2, 3 component of vector or direction of axis
i, j, k, l, m component of vector or direction of axis
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with v̂ � Qÿ1û; N̂ � Qÿ1M̂ and

D � Qÿ1AQ �
k1 0 0
0 k2 0
0 0 k3

24 35 � �Ik 0 0
0 ÿIk 0
0 0 0

24 35:
Therefore, the Coriolis term is diagonalized through this
transformation.

2.3. Absolute stability condition

It is noted that the numerical stability of the time marching
method of Eq. (5) is equivalent to that of Eq. (9). The stability
of the time marching method about the linear term Eq. (9) can
be estimated by investigating the following characteristic
equation:

d/
dt
� k/; k � kR � IkI: �10�

The analytical solution of Eq. (10) is /�t� � /�0�ekt. In ac-
cordance with this equation, the absolute stability conditions
for various time marching methods were investigated in detail
(e.g. Gear, 1971; Canuto et al., 1987).

Table 1 summarizes the absolute stability regions of a
number of time marching methods corresponding to real and
imaginary parts of the eigenvalue of Eq. (10). In Table 1, AB1±
AB4 refer to ®rst- to fourth-order Adams±Bashforth (AB) type
explicit time marching methods, respectively, and AM1±AM4
refer to ®rst- to fourth-order Adams±Moulton (AM) type
implicit time marching methods. RK2, RK3 and RK4 are
second-, third- and fourth-order Runge±Kutta type explicit
marching methods. In particular, AB1 and AM1 are called the
explicit and implicit Euler methods, respectively, and AM2 is
called the Crank±Nicolson method. The absolute stability
conditions for the viscous and Coriolis terms of Eq. (9) can be
obtained by assuming that kR � ÿmk2 and kI � �2Xk3=k.
Then, corresponding to the real and the imaginary parts of k,
respectively, one knows that the most strict limit takes place at
k � kmax and k3 � k. Hence, we will only discuss the case of
kR � ÿmk2

max or kI � �2X.
First we discuss the numerical stability of the time marching

method for the viscous terms corresponding to the real part in
Table 1. It shows that one can always ®nd a certain time in-
crement for each type of time marching method, which makes
the numerical calculation absolutely stable. However, when
AB or RK type time marching method is adopted, the time
increment has to be set very small [Dt6O�1=mk2

max��. As shown
in Table 1, there also exists a limit to the time increment for the
implicit methods not lower than the third-order as well. AM1
and AM2 are stable time marching methods with a stability

not dependent on the value of Dt. In fact, AM2 is the popular
time marching method for the viscous term.

Then, we discuss the numerical stability of the time
marching methods for the Coriolis term corresponding to the
imaginary part in Table 1. If X 6� 0, i.e. kI 6� 0, all the explicit
methods lower than second-order (AB1, AB2, RK2) and all
the implicit methods higher than third-order (AM3, AM4) in
Table 1 are unstable. The Coriolis term in Eq. (5) has not been
diagonalized, and it is usually solved by the explicit time
marching method. It is necessary to choose a time marching
method with an accuracy not lower than third-order when the
Coriolis term is integrated by an explicit method. With such a
method, the limit of the time increment is inversely propor-
tional to the value of X, and it becomes very severe at a high
rotation rate. AB2 has also been chosen for the Coriolis term
in some of the literature (e.g. Hossain, 1994). Hossain (1994)
denoted a fast increase of kinetic energy when the rotation is
turned on, and it contrasts with the current knowledge of ro-
tating turbulence evidently (Jacquin et al. 1990; Cambon et al.
1997).

The above stability analysis is made in wave space and
based on the diagonalized equation (9). In physical space, one
can evaluate the stability of the Coriolis term in the same way.
Assuming i � 1; 2 in Eq. (1), the equations with only the time
and the Coriolis terms are

du1

dt
� �2Xu2; �11:1�

du2

dt
� ÿ2Xu1: �11:2�

If one de®nes / � u1 � Iu2, the system of di�erential equations
above becomes

d/
dt
� ÿI2X/: �12�

Comparing this equation with Eq. (10) and referring to
Table 1, obviously, one can analyze the numerical stability for
various time marching methods in physical space with the
same procedure as that in wave space.

3. DNS algorithm for rotating turbulence

3.1. Integral factor technique

Rogallo (1981) proposed an integral factor technique,
which integrates the viscous term analytically. By introducing
the integral factor emk2 t into Eq. (5) and reforming this equa-
tion, we ®nd

d

dt
emk2t ûi

� �
� emk2 tPim�k�

�
ÿ Ikj dujum ÿ 2Xem3jûj

�
: �13�

With the integral factor technique, emk2t ûi becomes a new
variable. The advantages of this technique are that there is no
limit to the time increment and no numerical error from the
viscous term. Hence, it can be argued that the integral factor
technique for the viscous term is more useful than AM1 or
AM2 for solving Eq. (5). However, the time increment in a
rotating system is still limited to the absolute stability condi-
tions for the nonlinear and the Coriolis terms even with this
integral factor technique. Here we denote the DNS algorithm
for Eq. (13) with RK4 for the nonlinear and the Coriolis terms
as ``standard'' in this paper. From Table 1, the limit of the time
increment of the standard algorithm from the Coriolis term is
Dt6 2:83=�2X�.

Table 1

Absolute stability regions

Real part Imaginary part

AB1 06 ÿ kRDt6 2 Unstable �kI 6� 0�
AB2 06 ÿ kRDt6 1 Unstable �kI 6� 0�
AB3 06 ÿ kRDt6 0:545 06 jkIDtj6 0:723

AB4 06 ÿ kRDt6 0:3 06 jkIDtj6 0:430

AM1 06 kRDt; 26 kRDt 06 jkIDtj
AM2 06 ÿ kRDt 06 jkIDtj
AM3 06 ÿ kRDt6 6 Unstable �kI 6� 0�
AM4 06 ÿ kRDt6 3 Unstable �kI 6� 0�
RK2 06 ÿ kRDt6 2 Unstable �kI 6� 0�
RK3 06 ÿ kRDt6 2:51 06 jkIDtj6 1:73

RK4 06 ÿ kRDt6 2:79 06 jkIDtj6 2:83
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3.2. Integral factor technique for the Coriolis term

The analysis above shows that, although the Coriolis and
the viscous terms are both linear, the former is not integrated
analytically with the standard algorithm, and that it still limits
the time increment. In this paper, we propose a new integral
factor technique on the basis of Eq. (9), so that the Coriolis
and the viscous terms can both be integrated analytically. With
this technique, the time increment Dt will not be limited to the
rotation rate X.

Introducing a rotating integral factor e�mk2�I2Xk3=k�t into
Eq. (9), we ®nd

d

dt
exp mk2

���
� I

2Xk3

k

�
t
�

v̂1

�
� exp mk2

��
� I

2Xk3

k

�
t
�

N̂1; �14:1�

d

dt
exp mk2

���
ÿ I

2Xk3

k

�
t
�

v̂2

�
� exp mk2

��
ÿ I

2Xk3

k

�
t
�

N̂2: �14:2�

If one takes exp �mk2 � I2Xk3=k�tf gv̂1 and exp �mk2ÿf
I2Xk3=k�tgv̂2 as new variables, Eqs. (14.1) and (14.2) are in-
tegrated with RK4 in time. With this new technique, only the
stability condition for the nonlinear term will restrict the time
increment. The transfers v̂ � Qÿ1û and N̂ � Qÿ1M̂ are used in
this algorithm. In addition, we ®nd that v̂3 � N̂3 � 0 according
to the de®nition of Qÿ1 and the solenoidal condition. We de-
note this new DNS algorithm for Eqs. (14.1) and (14.2) as
``present''. In the process of reviewing this paper, we found
that Yeung and Zhou (1998) and Smith and Wale�e (1999)
also developed a similar technique in simulating forced rotat-
ing turbulence, but no detailed scheme and no numerical sta-
bility analysis are presented in their papers.

3.3. Validation

In order to verify the algorithm mentioned above, we use it
to calculate an initially isotropic homogeneous decaying tur-
bulence subjected to system rotation and compare the results
with those of the standard algorithm. The computational re-
gion and the spectral mode number are set as 2p and 32, re-
spectively. The kinetic viscosity and the rotation rate are
m � 0:01 m2=s and X � 100 rad=s, respectively. The time in-
crement is varied from 0.0002 to 0.02 s. A velocity ®eld with a
random phase in wave space is produced, and the initial ®eld is
obtained by pre-computing this ®eld to time t0 with Dt � 0:02 s
and X � 0 rad=s.

In Fig. 1, the time evolution of the kinetic energy K is
shown. The cases with Dt � 0:02 and 0.015 s calculated by the
standard algorithm are blown up and cannot give stable re-
sults. The cases with Dt � 0:01, 0.005 and 0.00002 s calculated
by the standard algorithm are stable. The stability analysis in
Section 2.3 shows that the stability condition of RK4 for the
Coriolis term is Dt6 1:415=X � 0:01415 s, and the numerical
results support the analysis. However, the solution of the case
with Dt � 0:01 s is very di�erent from the converged solution
(i.e. the case with Dt � 0:0002 s). This di�erence is considered
due to the in¯uence of the di�usion error of RK4. Hence, to
obtain a reliable solution of a strong rotation case with an
explicit scheme, the time increment should be set very small, on
the order of 10ÿ4 in this case. On the other hand, with the
present algorithm proposed in Section 3.2, even the cases with
Dt � 0:01 and 0.02 s can give almost the same solution as that
with Dt � 0:0002 s using the standard algorithm. There is no

di�usion error regarding the Coriolis term in the results with
the present algorithm. In the present study, we also con®rmed
that, when the stability condition for the nonlinear term is
satis®ed, i.e. the Courant number does not exceed a critical
value, the present algorithm is always stable, no matter how
strong the rotation is. The veri®cation shows that the present
algorithm is useful for DNS of strong rotating ¯ow and saving
total computational costs.

4. DNS of rotating decaying turbulence

4.1. Initial conditions

We apply the present algorithm to DNS of the initially
isotropic decaying turbulence with or without system rotation.
The computational region is the same as that of the verifying
simulation. The spectral mode number is 96 in each direction.
The time increment and the kinetic viscosity are 0.01 s and
0.005 m/s, respectively. In this study, ®rst, a velocity ®eld with
random phase in the Fourier space is produced with the fol-
lowing energy spectrum pro®le (Squires et al., 1994):

E�k; 0� � 2048

9p

� �1=2

q0

k4

k5
p

exp

 
ÿ 2k2

k2
p

!
; �15�

where q0 � 1:5; kp � 5 are used. A nonrotating pre-computa-
tion is started with this spectrum and run up to a time
t0 � 1:0 s to obtain a value near )0.5 for the velocity gradient
skewness (Orszag and Patterson, 1972) and a reliable power-
law for the turbulent kinetic energy. This pre-computation is
important for the ®eld to build the correlations. Then the
system rotation is introduced into the ¯ow ®eld at t0 as an
initial condition for this study. Without loss of generality, we
set the x3-axis as the rotation axis. DNS with X � 0, 1, 2, 5, 10,
20, and 100 rad=s (Xk0=e0 � 0, 0.983, 1.96, 4.92, 9.83, 19.6 and
98.3) are carried out to investigate the e�ects of the system
rotation on turbulence. Table 2 presents the properties of the
initial turbulent ®eld.

4.2. Results and discussion

Fig. 2 shows the evolution of the turbulence kinetic energy
K. As demonstrated theoretically by Cambon et al. (1997) and
Mansour et al. (1992), the decay of kinetic energy is inhibited

Fig. 1. Evolution of kinetic energy in a verifying simulation �Dt �s��.
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by the system rotation. Considering the budget of the kinetic
energy, that is dK=dt � ÿe, one can predict the in¯uence of the
rotation on the dissipation rate. In Fig. 3, the evolution of the
dissipation rate e is presented. The system rotation accelerates
the decay of the dissipation rate in the initial period. It can be
considered the very reason why the system rotation inhibits the
decay of kinetic energy. For more details about the e�ect, we
investigated the budget of the dissipation rate in Fig. 4. The
budget equation reads

de
dt
� Pe ÿ De; �16�

where Pe and De are the production and the destruction terms
of e, respectively,

Pe � ÿ2m
oui

oxj

oui

oxl

ouj

oxl
; De � 2m2 o2ui

oxj oxl

o2ui

oxj oxl
:

As shown in Fig. 4, the production and the destruction terms
are decreased simultaneously by the rotation. But the rotation
a�ects the production term more strongly than the destruction
term. In particular, in the case with X � 100 rad=s, the value
of Pe decreases to almost zero instantly, while the value of De

decreases more slowly. The system rotation promotes the de-
cay of the dissipation rate in the initial period of evolution.
However, Pe and De of cases with strong rotation tend to zero
faster than those with weak or no rotation. This is why the
dissipation rate with strong rotation is larger than that with
weak rotation in the later period of the evolution, as shown in
Fig. 3.

The e�ect of rotation on turbulence can be exhibited in
wave space too. The evolution equation of the energy spectrum
E�k; t� is

o
ot

�
� 2mk2

�
E�k; t� � T �k; t�: �17�

Here T �k; t� corresponds to the triple-velocity correlations
coming from the nonlinear interactions of the N±S equations,
and it is called the energy transfer function. The pro®le of the
energy transfer function at t ÿ t0 � 1 s is shown in Fig. 5. With
an increase of the rotation from 0 to 100 rad/s, the absolute
value of T �k; t� decreases gradually. Accordingly, the energy
transfer from low to high wave number is decreased by the
system rotation. In other words, the energy cascade is inhibited
by the system rotation. Theoretical analysis (Kassinos and
Reynolds 1994; Cambon et al., 1997) demonstrated that the
nonlinear interactions could be ignored, i.e. T �k; t� � 0, when
the rotation is strong enough. This simpli®cation yields a linear
solution directly from Eq. (17),

E�k; t� � E�k; 0� exp�ÿ2mk2t�: �18�
Fig. 6 shows the variation in the turbulence energy spectrum
with the rotation rate X. The system rotation inhibits the ki-
netic energy cascade from the lower to the higher wave number.
Fig. 6 also shows that after the same time evolution, the energy
of a strong rotation case is larger than that of a weak or no
rotation case in the low wave number region of the spectrum,
and vice versa in the high wave number region. In addition, the
energy spectrum pro®le of the case with X � 100 rad=s ®ts very
well with the linear solution of Eq. (18) in the low wave number
region. Considering that most of the spectral energy concen-
trates in the low wave number region, the simpli®cation above
appears reasonable for strong rotation.

Rotation also a�ects the turbulence velocity distribution
and the structure in wave space. Figs. 7 and 8 show the
distribution of the real part of the velocity on a 1=8 shell of
radius k � 5 and 30, respectively, in the wave space. Figs. 7(a)
and 8(a) present the initial distribution of the velocity. The
orientations of velocity vectors are distributed randomly on
the tangent plane of the shell due to the solenoidal condition.
The moduli of these vectors have almost the same order. When
the system is not subjected to rotation (Figs. 7(b) and 8(b)), the

Table 2

Parameters of the initial ®eld (at t � t0)

K0 �m2 sÿ2� e0 �m2 sÿ3� Ret Rek S F

0.7023 0.7147 138.01 23.496 )0.485 4.057

Fig. 2. Evolution of kinetic energy �X �rad sÿ1��. Fig. 3. Evolution of energy dissipation rate �X �rad sÿ1��.
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distribution does not present any apparent change with time,
while the moduli of these vectors decrease due to the viscous
e�ect. However, the distribution of the velocity vectors of the
rotating case (Figs. 7(c) and 8(c)) is very di�erent from that of
a case with no rotation. Besides the viscous e�ect, the moduli
of the vectors decrease gradually from the equator to the pole.
In particular, in the case of k � 30, vectors near the pole have
almost zero moduli, indicating that the local decay of energy
near the pole is faster than that of the equator. Therefore, an
anisotropic distribution of the kinetic energy between the pole
and the equator is presented in wave space. Considering that
the energy transfer is inhibited by the system rotation, the
energy of the rotating system is lower than that of the non-
rotating system in the low wave number region and vice versa
in the high wave number region. In accordance with these
results, in the low wave number region, the moduli of the
vectors of a rotating case (Fig. 7(c)) at the equator are larger
than those of a nonrotating case (Fig. 7(b)). It can be con-
sidered that the energy in a rotating system is transferred lo-
cally from the pole to the equator, i.e. the energy is
concentrated in the plane near the equator. On the other hand,

in the high wave number region, even on the equator plane, the
moduli of the vectors of a rotating case (Fig. 8(c)) are smaller
than those of a nonrotating one (Fig. 8(b)).

Fig. 9 shows the iso-surface of the absolute value of the
vorticity within the computational box. The value for the iso-
surface is set as double of r.m.s. vorticity. There exist ®ne and
isotropically distributed vortex structures initially (Fig. 9(a)).
The vorticity is stretched by the turbulence and the system
rotation, and large and elongated structures appear along the
axis of rotation (Fig. 9(c)), while the vorticity is only stretched
by the turbulence and exhibits a homogeneous distribution in a
nonrotating system (Fig. 9(b)). This phenomenon is the so-
called two-dimensionalization, which can be presumably ex-
plained by the classic Proudman±Taylor theorem. But Cam-
bon et al. (1997) argued that the transition from a three-

Fig. 4. Budget of energy dissipation rate �X �rad sÿ1��.

Fig. 5. Pro®le of energy transfer function at t ÿ t0 � 1 s (X �rad sÿ1�).

Fig. 7. Distribution of the velocity coe�cient (real part) on the shell of

radius k � 5: (a) t ÿ t0 � 0 s; (b) X � 0 rad sÿ1, t ÿ t0 � 1 s; (c)

X � 10 rad sÿ1, t ÿ t0 � 1 s.

Fig. 6. Pro®le of energy spectrum at t ÿ t0 � 3 s (X �rad sÿ1�).
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dimensional to a two-dimensional structure is linked to both
the nonlinear interactions and the system rotation. Too weak
rotation cannot a�ect the dynamics of three-dimensional
isotropic turbulence, and too strong rotation deduces a pure
viscous decaying turbulence while the nonlinear interactions
are damped through the scrambling e�ect. Therefore, a direct
deduction from their argument is that only a moderate rota-
tion can in¯uence the transition obviously. Fig. 10 shows the
two-dimensionalization phenomenon quantitatively. In
Fig. 10, the evolution of the ratio L� of the transverse integral
lengthscale to the longitudinal one is presented. The integral
lengthscale is given by

Lij;k �
Z 1

0

ui�x�uj�x

 � rnk��dr= ui�x�uj�x�


 �
: �19�

From Fig. 10, the cases with the moderate rotation
(X � 5; 10 rad=s or RoL � 0:273; 0:137) indicate faster devel-
opment of L�, which means that the development of the trans-
verse integral lengthscale is faster than that of the longitudinal
one. On the other hand, the weakest rotation (X � 1 rad=s or
RoL � 1:37) and the strongest rotation (X � 100 rad=s or

RoL � 0:0137) increase L� more slowly than the moderate ro-
tation. This con®rms the argument of Cambon et al. (1997).

5. Conclusions

The numerical stability of a number of time marching
methods for the governing equations of rotating ¯ow has been
discussed. Explicit methods with an accuracy not lower than
thirdorder should be applied in order to simulate the NS
equations with the Coriolis term stably. Solving the Coriolis
term by an explicit method introduces a di�usion error into the
solution. In this paper, a new DNS algorithm has been pro-
posed for rotating turbulence. In this algorithm the Coriolis
term is integrated analytically, based on the diagonal govern-
ing equations and the integral factor technique. The veri®ca-
tion shows that the algorithm proposed in this paper is stable
in simulating the strong rotating turbulence and saves total
computational costs.

Then, the new algorithm is applied to DNS of the rotating
turbulence to investigate the e�ects of rotation on the statistics
and the vortical structure of the turbulence. The DNS results
show that the main in¯uences of the system rotation on the

Fig. 8. Distribution of the velocity coe�cient (real part) on the shell of radius k � 30: (a) t ÿ t0 � 0 s; (b) X � 0 rad:sÿ1, t ÿ t0 � 1 s;

(c) X � 10 rad sÿ1, t ÿ t0 � 1 s.
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turbulence are twofold. One is that rotation inhibits the decay
of the kinetic energy. Although the system rotation reduces
both the production and the destruction terms of the evolution
equation of the dissipation rate, the production term decreases
faster to zero than the destruction term. Then the total e�ect of
the system rotation is to accelerate the decrease of the dissi-
pation rate, which directly leads to the inhibition of kinetic
energy decay. With a very strong rotation, the decaying be-
havior of the turbulence tends to that of the pure linear system.
The other e�ect of the system rotation is two-dimensionaliza-
tion. That is, rotation deduces an anisotropic distribution of
the kinetic energy between the pole and the equator in wave
space, and elongates the vortical structure along the rotational
axis in physical space. This rotation e�ect is only apparent at
moderate rotation. Both at weak and strong rotations, the
transition from the three-dimensional to the two-dimensional
structure due to the combined e�ect of the nonlinear interac-
tions and the system rotation is di�cult to obtain.
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